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Abstract 
The dynamic behaviour induced by the passage of high-speed trains plays an important role in the design and 
performance of railway bridge decks. The positioning of two opposite-way lanes eccentric to the cross-sectional shear 
centre implies the existence of coupled bending and torsional vibrations. There are also vibration modes that correspond 
to the transversal deformation of the cross section that may be relevant to the determination of the dynamic response of 
the bridge. This work aims to evaluate the dynamical response of railway bridges through finite element models, due to 
the dynamic effects induced by a High-Speed Load Model (HSLM). The dynamical behaviour of the cross section will 
be considered through shell and frame finite element models, being evaluated the importance of several section 
deformation modes in the dynamical behaviour of the bridge. It is proposed the identification of resonance phenomena 
due to passing trains defined in HSLM and the evaluation of the influence of non-conventional bending modes (e.g. 
distortion, warping) on the dynamical behaviour of bridges. 

 

1. Introduction
Over the years, the expansion of cities has led to the 
development of transportation infrastructures to cope with 
the rise in demand. Railway services stand as one of the 
main transportation means in suppressing those ever-
increasing needs and today high-speed trains play a 
crucial role in the circulation of people and goods. 

Back in 1964, the Japanese built the very first high-speed 
railway line, called Tōkaidō Shinkansen, where trains 
were designed to reach a running speed of 210 kmh-1. 
Short after the Shinkansen construction began, the idea of 
a TGV arose in France. The first high-speed line in 
Europe, called South-East TGV line, would start 
operating across France in 1981, (Henriques, 2007). 
The development in Europe of high-speed trains in the 
recent past has introduced a new attention to the study of 
vibrations induced in bridges by the rail traffic. The 
circulation of high-speed trains introduces new load 
situations where dynamic actions become significant, 
especially in bridges, which leads to the need of carrying 
out additional security verifications, taking into account 
the checking of the ultimate limit state and serviceability 
in bridges, especially in resonance situations, an issue 
which has won consequently an increased interest. 

To attend to these effects, analysis procedures and 
verifications have recently been incorporated into 
European standards that should be taken into account in 
bridges design, and involving aspects related to structural 
safety and to passenger comfort.  

Important torsional moments can be induced in the case of 
railway bridges crossed by eccentric moving loads. 
Hence, the torsional response assumes a relevant role, as 
well as the warping of the cross section that cannot be 
neglected in analysis and design. 

2. Dynamic Analysis 
The presentation of the analysis of the dynamical 
behaviour adopted in the present work begins with the 
formulation of equations of motion associated with each 
degree of freedom of the structure, whereby it is ensured 
the equilibrium between external forces, that act in the 
direction of the displaced degree of freedom in which the 
load is applied, and internal forces, that resist to motion, 
the inertial force, the damping force and the elastic 
restitution force, (Chopra, 1995). 
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𝑀𝑢 (𝑡) + 𝐶𝑢 (𝑡) + 𝐾𝑢(𝑡) = 𝑃(𝑡)                          (2.1) 

The equation (2.1) corresponds to the dynamic 
equilibrium equation, where 𝑀 represents the global mass 
matrix of the structure, 𝐶 the global damping matrix, 𝐾 
the global stiffness matrix and 𝑃 𝑡  the global external 
forces vector. The displacement, velocity and acceleration 
at time t are represented by 𝑢(𝑡), 𝑢  𝑡  and 𝑢  𝑡  
respectively. 

The dynamic response of a linear system can be analysed 
through different methods. The way of solving the 
equation implies the integration of the differential 
dynamic equation, which can be either done by using the 
methods of modal superposition or by direct numerical 
integration. The mode superposition method is based 
on reducing the system equation of motion to a number of 
independent mode shapes that, despite being generally 
much lower than the number of dynamic mode shapes of 
the structure, can represent the displacements with 
sufficient accuracy. The final response is then calculated 
through the principle of superposition effects, the nodal 
displacements vector 𝑢(𝑥, 𝑡) is obtained by summing the 
𝑛 degree of freedom products of the normalized mode 
shape vectors 𝛷𝑛  and the modal amplitudes 𝑌𝑛  as follows: 

𝑢 𝑥, 𝑡 =  𝛷𝑛 𝑥 
∞
1 𝑌𝑛 𝑡             (2.2) 

The numerical integration consists of the direct 
integration of the equation to obtain the history of the 
response in time through the use of incremental 
procedures (step-by-step integration). Within this method, 
there are still some differences in the resolution of the 
integration which differ in the approach and in the 
stability of the solutions obtained. In this work the 
numerical integration method chosen to perform the 
analysis was Newmark's. By using Newmark method the 
displacement and velocity at time 𝑡 + ∆𝑡 are obtained 
through the following equations: 

𝑢 𝑡+∆𝑡 = 𝑢 𝑡 +  1 − 𝛾 ∆𝑡 𝑢 𝑡 + 𝛾∆𝑡𝑢 𝑡+∆𝑡           (2.3) 

𝑢𝑡+∆𝑡 = 𝑢𝑡 + ∆𝑡 𝑢 𝑡 +  
1

2
− 𝛽 𝛥𝑡2𝑢 𝑡 + 𝛽𝛥𝑡2𝑢 𝑡+∆𝑡           (2.4) 

The parameters  𝛾 and β depend on the assumptions about 
the variation of 𝑢, 𝑢  and 𝑢  along the time interval. By 
(Clough and Penzien,1995), adopting 𝛾 =

1

2
 and  β =

1

4
   

this method is unconditionally stable and termed as the 
constant average acceleration method at each time step. 

3. Dynamic Response of Beams under 
Moving Loads 

The Dynamic Response of Beam due to a moving load 
has been an object of study over the last decades. At the 
beginning, Timoshenko (Timoshenko, 1922) developed 
an analytic solution for a moving load with constant 
speed, developed for a simply supported beam and 
following the theory of Euler-Bernoulli. Later, Frýba 
(Frýba, 1972) generalised and developed the problem for 
different types of structures and loads. 
 
3.1- Analytical Solution 
For a simply supported beam under a moving load, Frýba 
deduces the following differential equation for the beams, 
where 𝛿 represent the Delta-Dirac Function: 

𝐸𝐼
𝜕4𝑢(𝑥 ,𝑡)

𝜕𝑥4
+ 𝑚

𝜕2𝑢(𝑥 ,𝑡)

𝜕𝑡2
+ 2𝑚𝑤𝑏

𝜕𝑢 (𝑥 ,𝑡)

𝜕𝑡2
= 𝛿 𝑥 − 𝑣𝑡 𝑃             (3.1) 

Where 𝑥 and 𝑣 are the position and the velocity of the 
moving load, respectively, as can be observed in the 
following figure:  

 
Figure 3.1 - Longitudinal Model of simply supported 

beam under a vertical moving load 

 

By imposing the boundary conditions and the initial 
conditions, it is possible to obtain the solution of the 
displacement by the methods of integral transformation, 
as it can be seen in the equation 3.2. Therefore, the 
displacement, the velocity and the acceleration of an 
intended given point are known since the last two can be 
obtained from the differentiation of the displacement 
function. 

𝑢 𝑥, 𝑡 

= 𝑢0 ∗ 
1

𝑗2[𝑗2(𝑗2 − 𝛼2)2 + 4𝛼2𝛽2

∞

𝑗=1

 [𝑗2 𝑗2 − 𝛼2 𝑠𝑖𝑛𝑗𝛺

−
𝑗𝛼 𝑗2 𝑗2 − 𝛼2 − 2𝛽2 

(𝑗4 − 𝛽2)2 𝑒−𝑤𝑏 𝑡 sin𝑤 𝑗  
´ 𝑡  

− 2𝑗𝛼𝛽 𝑐𝑜𝑠𝑗𝛺𝑡 − 𝑒−𝑤𝑏 𝑡𝑐𝑜𝑠𝑤 𝑗  
´ 𝑡 𝑠𝑖𝑛

𝑗𝜋𝑥

𝑙
 

(3.2) 
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where uo represents the static deflection at mid-span,wj the 
natural frequency of the j-th mode and wb the frequency of 

damping, with 𝑤𝑏 = 𝑤𝑗 1 −  𝜉𝑗
2, beeing 𝑤 𝑗  

´  obtained by 

𝑤 𝑗  
´ =  𝑤𝑏

2 −  𝑤𝑗
2. The dimensionless parameters, α and β 

are characteristic of the effect of speed and damping, 
respectively, 𝛼 =

𝛺

𝑤1
 and β =

𝑤𝑏

𝑤1
 , where 𝛺 is the excitation 

frequency of the structure and is given by 𝛺 =
𝜋𝑣

𝑙
 . 

An important aspect to be considered in the analysis is the 
effect of resonance - the moving loads can produce an 
important amplification of the dynamic response. This 
effect produces an increased response of the structure 
when the excitation frequency and the structure natural 
frequency are the same.  

In order to illustrate this phenomenon and to have a better 
understanding of the velocity effect of a moving load on a 
beam behaviour, several analyses considering different 
velocities were carried out by applying the analytical 
solution of Frýba.  

Five velocities were considered (80 ms-1, 120 ms-1, 200 
ms1, 260 ms-1, 300 ms-1). Those values of velocities were 
chosen to take into account the effect of resonance, since 
the critical speed of the simply supported beam in the 
study can be achieved for that range of velocities. This 
beam has a 40 m span and it is composed of a box cross 
section subject to a single moving load of 1000 kN. Its 
properties can be seen in Table 3.1, and have been chosen 
from the solutions adopted in previous works ( Lisi 2011, 
Serra 2014) on related subjects.  

Table 3.1 – Box Cross Section Properties  

𝑬 (𝒌𝑵/
𝒎𝟐) 

𝑮 (𝒌𝑵/
𝒎𝟐) 

𝝆 (𝒕𝒐𝒏/
𝒎𝟑) 

𝑨 (𝒎𝟐) 𝑰𝒚𝒚 (𝒎𝟒) 𝑰𝒛𝒛 (𝒎𝟒) 

33 000 13 750 2.548 8.295 6.666 104.145 

 

The vertical displacement and the vertical acceleration at 
mid-span of the beam can be seen in Figure 3.2 and 
Figure 3.3, respectively. 

 
Figure 3.2 - Dynamic influence line of vertical 
displacement at mid-span under a moving load 

 

 
Figure 3.3 - Dynamic influence line of vertical 
acceleration at mid-span under a moving load 

 

As it can be observed that the maximum values of 
deflections are approximately the same for different load 
speeds, around 10 mm, although the time at which they 
occur is different. An exception can be notice to the 
velocity of 80 ms-1 since considering a lower velocity the 
obtained deflection is smaller and its value is close to the 
static deflection u0, represented by the dashed line. In that 
case, the increase of the effect due to a dynamic load is 
given by the Dynamic Amplification Factor, 
𝐷𝐴𝐹 =

𝑢𝑚𝑎𝑥

𝑢0
, which is smaller when comparing to the 

other higher velocities. 

In relation to acceleration, higher values are generally 
associated with higher velocities, in spite of the peak 
acceleration occurring at a speed of 260 ms-1. This can be 
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explained by the fact that the period of excitation, 𝑇 =
2L

v 
, 

is approximately the same as the period of the structure, 
which means that 260 ms-1 cause a resonance 
phenomenon, leading to higher responses. 

 

3.2 - Numerical Solution 
Nowadays the bridges decks are not usually simply 
supported structures, but rather a continuous structure, 
which arouse interest in the study of this type of 
structures. Chan and Ashebo (2006) developed a method 
to get the exact mode shape function of the vibrating 
beam with intermediate supports. However, as the number 
of spans of the bridge increases, the identification 
accuracy decreases and at the same time, more execution 
time is needed to finish one case study. So, due to the 
characteristics and complexity of the differential equation, 
the numerical solution was carried out. This section 
begins with a comparative study of analytical and 
numerical results for a simply supported beam and then 
some numerical models for a continuous beam are 
presented. 

To perform the numerical analysis the commercial 
software SAP2000 was used. In order to verify their 
reliability and therefore enable a comparative study 
between the numerical results from the program and the 
results obtained in a beam of Euler-Bernoulli, an 
analytical solution, developed by Frýba, was used. 
Additionally, the numeric integration considering the 
Newmark method was also considered to perform the 
comparative study since it can be another quick way to 
get the numerical results. This method was supported by 
the finite element model since the frequencies and the 
vibration modes were calculated through this program and 
then exported to the spreadsheet where the numerical 
method of Newmark was performed. Thus, three analysis 
methods were compared:  

• Analytical 

• Numerical - Time-History Analysis  

• Numerical - Newmark Method 

 

The comparative results of the simply supported beam are 
presented in Antunes M. (2017). They show that it was 
enough to consider six mode shapes to reach accurate 
results, which confirm that the analysis by modal 
superposition is a good way to achieve the correct 

response with less numerical effort, since with only six 
modes it allows to describe the behaviour of a structure 
with many degrees of freedom. Simultaneously, for the 
numerical integration and considering the increment of  
time, it gives an accurate response of the structure. 
However, there is an important factor that needs to be 
considered when the finite element method is used, since 
the element refinement may have some significance in the 
results. Considering this, three different meshes were 
considered with 40, 80 and 120 frame elements. 

The results presented in Table 3.2 shows that a rough 
mesh does not impact the accuracy of the results since the 
numerical results using the discretization of 120 and 80 
elements are extremely close to the results when 40 
elements are used. This allows saving computational time, 
getting results accurate enough comparatively to the 
analytical results. 

Table 3.2 - Relative Error between the vertical 
acceleration of analytical analysis and numerical analysis. 

Maximum Vertical Acceleration at Mid-Span 
 

Model of Analysis Analytical 
Frýba 

Finite Element 
Nr. Frame Elements 

120 80 40 

Acceleration mid-span 
(ms-2) 2.423 2.407 2.398 2.396 

Error (%) 
 

Analytical −  Numerical

Analytical
 

 

- 1.6% 2.5% 2.7% 

 

4. Deck Modelling - warping and 
distortion effects 

The influence of the local effects induced by an eccentric 
load can significantly change the dynamical behaviour of 
the structure leading to important changes in the concept 
design phase of a bridge. 

A finite element program is used to analyse models 
corresponding to different types of hypotheses of the 
cross section behaviour, simulated through constraints 
between displacements, which is a particularity that can 
be defined when using a shell element. A constraint 
consists of a set of two or more constrained joints used to 
enforce their displacements to relate (Computer and 
Structures, 2002). This can be useful to simulate different 
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behaviours, e.g. rigid along the axis or, more importantly 
in the context of this work, rigid in the plane of the cross 
section. In order to achieve a structural response with no 
distortion, a body constraint needed to be defined along 
the bridge at each cross section. This type of constraint 
causes all of its constrained joints to move together as a 
three-dimensional rigid body. Effectively, all constrained 
joints are connected by rigid links and cannot displace 
relatively to each other. 

Initially, two different models were developed. The first 
one does not have any degree of freedom constrained over 
the cross section, which allows the cross section to 
deform freely and allowing to have free warping and 
distortion. The second is a model with some constraints in 
order to restrain the cross section distortion. 

The shell element always considers all six degrees of 
freedom at each joint of the element. Having no 
constraints in the displacements and rotations of a cross 
section allows local effects, e.g. warping and distortion, to 
occur. In order to prevent the distortion effect, it is 
necessary to restrain the relative displacements on the YZ 
plane of the cross section and the rotation about X axis. 
However, by applying constraints to a model using shell 
elements one can only expect these phenomena to be 
partially restrained, once the warping can still occur. 
Thus, a third model that intrinsically does not allow these 
local effects to happen by virtue of its kinematics became 
necessary. A frame element model was then adopted as it 
utilises Bernoulli’s beam formulation where plane section 
remains plane, that is to say, no warping or distortion are 
considered. 

Thus, three different finite element models were 
developed: 

 Distortion and warping not constrained; 

 Distortion constrained and warping not 
constrained; 

 Distortion and warping constrained. 

To evaluate the transverse distribution of the effects along 
the bridge cross section induced by high-speed trains, it is 
useful to compare the behaviour of two different cross 
sections, one open section, a double-T beam, and a box 
girder with a much higher torsional stiffness. Its . The 
mechanical properties of the cross sections are presented 
in Table 4.1. 

 

Table 4.1 - Geometrical and material properties of the 
cross sections considered in the analysis. 

Property Box-Girder Double-T 
Section 

𝑨 (𝒎𝟐) 8.295 9.506 
𝑰𝒚𝒚 (𝒎𝟒) 6.666 9.161 
𝑰𝒛𝒛(𝒎𝟒) 104.145 122.371 
𝒛𝑪𝑮 (𝒎) 0.670 0.772 
𝒛𝑪𝑪 (𝒎) 0.817 0.663 
𝑱 (𝒎𝟒) 15.416 1.224 

𝑬 (𝒌𝑵/𝒎𝟐) 33 000 x 10
3 

𝑮 (𝒌𝑵/𝒎𝟐) 13 750 x 10
3 

𝝆 (𝒌𝑵/𝒎𝟑) 2.548 

 
4.1 Static Analyses 
The positioning of each track in two-way lines is eccentric 
in relation to the centroid, which introduces a torsion 
effect and an important transverse deformation of the 
cross section. To understand this problem it is necessary 
to decompose the eccentric load into symmetric and 
antisymmetric components, Figure 4.1 shows an example 
in the box girder section. 

 
Figure 4.1 - Load break down in symmetric and 

antisymmetric case for a box cross section 

The symmetric part causes longitudinal bending and the 
antisymmetric yields two systems, one with torsion 
deformation, in which the section twists like a rigid body, 
and other with distortion. Thus, by combining the 
different static systems due to the eccentric loading, three 
types of displacement are obtained: vertical displacement 
due to longitudinal bending, rotation and distortion. 

To analyse the distortion and warping effects, a static 
analysis was performed in a 40m long simply supported 
beam subjected to the asymmetrical load with 100 kN/m. 
The results were taken at the middle span of the cross 
section girder, Figure 4.2 shows the specific point over 
the cross section girder, where the presented 
displacements were evaluated.  

 
Figure 4.2 - Reference point of analysis at middle span of 

the box-girder section and double-T-cross section 
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Box Girder Analyses 

 
 

Figure 4.3- Static displacement, direction ux, over the 
span of the box-girder 

 
 

Figure 4.4- Static displacement, direction uy, over the 
span of the box-girder 

 
 

Figure 4.5 - Static displacement, direction uz, over the 
span of the box-girder 

 
 

Figure 4.6 - Rotation, direction Rx, over the span of the 
box-girder section 

 
Double-T Section Analyses 

 

Figure 4.7 - Static displacement, direction ux, over the 
span of the Double-T section 

 

 
Figure 4.8 - Static displacement, direction uy, over the 

span of the Double-T section 

 

 
Figure 4.9 - Static displacement, direction uy, over the 

span of the Double-T section 

 

 
Figure 4.10- Rotation, direction Rx, over the span of the 

Double-T section  

Observing the Figure 4.3 and Figure 4.7, it becomes clear 
that the frame element does not present longitudinal 
displacements ux over the span since the model does not 
take into account warping. However, this can occur in the 
shell models, where the double-T model shows higher 
displacements compared to the box cross section, 
approximately 2.5 times. On the other hand, the distortion 
effect in terms of relative displacement is more important 
to the box section than for the double-T section, which 
can be seen comparing the result obtained when a shell 
model has the distortion restrained with the model 
allowing warping and distortion. This effect can also be 
observed in Figure 4.4 and Figure 4.8, which can be 
explained by the higher torsional stiffness of the box cross 
section comparing to the double-T section and also by the 
position of the shear centre. Figure 4.5 and Figure 4.9, 
shows the vertical displacements obtained for both 
sections which are much higher on the double-T section, 5 
times higher than the box cross. In the frame model a 
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significant difference can be seen on the double-T section 
results compared to the shell models. Therefore, it can be 
concluded that the frame elements can represent, with 
good approximation, a box section since the torsional 
stiffness is the main responsible for restraining the 
movement while the double-T section resistance is given 
by the warping stiffness which is not present on a frame 
element and consequently its displacements are lager than 
in a shell element. Finally, Figure 4.6 and Figure 4.10 
illustrate the rotation of the cross sections along the 
longitudinal axis, reflecting what have been presented. 
The double-T section shows higher rotation compared to 
the box section. In the case of the box section the 
rotations are approximately the same regardless of 
whether the distortion and warping are both restrained or 
just the distortion is restrained. 

  

4.2 Dynamic Analysis 
The present section deals with the study of the dynamical 
effects, due to an eccentric moving load applied to bridge 
with a Double-T cross section. The different cross-
sectional constraints, defined previously, are considered 
and three models of the section are developed with the 
purpose of studying the influence of non-conventional 
deformation modes (eg. distortion, warping) in the 
analysis. 

The Double-T section (see properties in Table 4.1) is 
analysed with a 40m long bridge. The structure is applied 
with a moving load of 1000 kN moving at 120 ms-1 with 
an eccentricity of 3.325m, that is to say over the web and 
the damping is neglected. . Also, the shell model allowing 
distortion and warping is loaded at the centre of the cross 
section , to understand the effect of an eccentric loading 
compared to a centred one. 

These results were obtained at mid-span over the web, as 
shown in figure 4.2, considering vibration modes with 
frequencies of up to 30 Hz (assumed to be the frequency 
threshold above which the vibration modes are considered 
to be negligible for the structural response). 

 

 
Figure 4.11- Dynamic influence Line of normal stress at 

mid-span under a moving load 

 

 
4.12 -Dynamic influence Line of displacement at mid-

span under a moving load 

 

 
4.13 -Dynamic influence Line of acceleration at mid-span 

under a moving load 

 

From the results presented in Figures 4.11 to 4.13, it 
becomes clear that evaluation of the response of the 
structure might be non-conservative when a frame model 
is considered to represent a structure with lower torsional 
stiffness. It is evident that the results of the double-T cross 
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section have a difference comparing to the shell models. 
Open cross sections tend to be particularly susceptible to 
this effect since the warping stiffness represents the 
primary source of torsion resistance. Dynamical 
displacements are, therefore, significantly affected by this 
consideration. 

It can also be observed that the maximum vertical 
displacement, Figure 4.11, is obtained in the shell model 
allowing warping and distortion, as this model has a 
higher flexibility than the others. On the other hand, the 
maximum value of acceleration is obtained with the shell 
model restraining the distortion. In regard to normal stress 
values, it can be observed that these values are 
proportional to the vertical displacement obtained for each 
model. 

In relation to the effect of the eccentric loading compared 
to the centred one, it can be observed that the acceleration 
results obtained for theses two cases are very similar 
whereas the stresses and the displacements are 
significantly different, being these effects higher when the 
section is eccentricly load. 

The first five vibration modes and respective frequencies 
are shown in Table 4.3. 
 

Table 4.3 - Natural Frequencies of vibration and 
respective vibration modes to each model of double-T 

cross section. 

Double T Cross Section - Natural Frequencies of Vibration  [Hz] 

Frequency 
Number 1 2 3 4 5 

 
Shell Model 

allowing 
warping/distortion 

3.37 3.92 4.24 7.75 10.06 

Vertical Bending Torsional Axial Vertical 
Bending 

Lateral 
Bending 

Shell Model 
neglecting 
distortion 

3.44 4.02 11.01 12.41 12.09 

Vertical Bending Torsional Axial Torsional/ 
Lateral 

Bending 

Torsional 

Frame Model 

3.46 10.3 13.25 28.03 29.69 

Vertical Bending Lateral 
Bending 

Vertical 
Bending 

Vertical 
Bending 

Lateral 
Bending 

 

In conclusion, apart from the first vertical vibration mode, 
the other vibration modes of each model demonstrate 
clear differences due to the constraints imposed at each 
cross section and consequently different responses of the 

structure. Table 4.3 shows the mode shapes classification 
with the greatest modal participations associated with 
each model. The different responses, obtained for each 
model, demonstrate how important it is to take local 
effects, as distortion and warping, into account in the 
design process. 

5. Deck Dynamic Analyses 
The main objective of this section is to analyse the 
characteristics of the dynamical response of multi-span 
bridges subjected to a high-speed universal train running 
eccentrically over two different bridge cross sections to 
understand the influence of distortion. 

The finite element program SAP2000  was used to 
develop all the finite elements models since it has in-built 
tools to perform dynamic analysis with the characteristics 
mentioned in the previous section. However, there are 
some limitations on its operation, particularly with the 
unacceptable calculation times and when performing 
analyses with integration steps with the accuracy required 
to the high-speed area. To overcome this problem, a 
numerical analysis was done using the Newmark method, 
implemented with macros developed in Visual Basic for 
Application (VBA) to optimise the process. 

To perform a dynamic analysis, the norm EN1991-2 
prescribes the use of two high-speed universal trains, 
HSLM-A and HSLM-B. The latter is only used for spans 
with less than 7 meters while the first one is used for 
longer spans. At the present work, the analyses are done 
taking into account the high-speed universal trains 
HSLM-A10. Also, according to EN 1991-2, a dynamic 
analysis should be made with a lower velocity of 

140km.h-1 ( ≈ 40ms-1 ) and an upper limit defined by 1.2 
times the maximum designed velocity, that is the 
maximum velocity of the lane at the bridge location, as 
defined in the project, depending on the vehicles or 
structure characteristics. In this work, a maximum design 
peed of 350 km.h-1 is considered and, therefore, the 
dynamic analysis is performed for up to 420 km.h-1. 

 

 
Figure 5.1 - Longitudinal model of the continuous deck 

considered in the analyses. 
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Figure 5.2 - Cross section models with the eccentric load 

considered in the analyses. 

 

Following on from the study developed in Section 4, to 
study the effect of the distortion on the dynamical 
analysis, a frame model and two shell models considering 
different types of constraints between displacements were 
developed. These constraints were applied to the multi-
span bridge models to perform several dynamic analyses 
in order to understand the influence of non-conventional 
deformation modes. 

Thereafter, the dynamic analyses on a multi-span bridge, 
presented in Figure 5.1, are performed considering the 
same cross sections used in the previous section, a box 
girder and a double-T section. The multi-span bridge is 
loaded with a high-speed train HSLM-A10 positioned 
eccentrically, as shown in Figure 5.2, considering a range 
of velocities between 140 kmh-1 and 420 kmh-1, which 
allows creating an envelope of maximum values 
according to the speed. 

The results are illustrated in Figures 5.3 to 5.6, which 
represent the maximum vertical acceleration and vertical 
displacement at the midpoint of the central span according 
to the velocity.  

 

Box girder  

Figure 5.3- Envelope of maximum  acceleration at 
midpoint of the central span according to the speed 

 

 
Figure 5.4 - Envelope of maximum displacement at 
midpoint of the central span according to the speed 

 

By analysing the results, it can be observed that the 
maximums are obtained for different velocities. For the 
model allowing warping/distortion the peak of 
acceleration and displacement occur at the velocity of 360 
kmh-1 whereas for the other models the peak occurs at 
around 380 kmh-1. Hence, it can be concluded that the 
higher the stiffness of the section, the higher the velocity 
needs to be to have the maximum of acceleration and 
displacement. In relation to the local effects obtained by 
considering different modelling assumptions, it can be 
seen in both cases that the distortion effect has an impact 
on the acceleration values. When this effect is restrained, 
the peak of acceleration becomes higher comparing to the 
model where the distortion and the warping are allowed, 
in which case, the section has more flexibility and shows 
a lower peak of acceleration. With respect to the 
displacement, it can be observed, that with the model 
allowing distortion and warping the displacements are 
generally higher regardless the velocity. However for the 
critical velocity, i.e. when the maximum displacement is 
achieved its magnitude becomes closer to the shell model 
with the distortion restrained and the frame model shows 
only a slight difference. Thus, by comparison to the 
results obtained with the shell models, the frame model is 
proved to be a reliable method of analysis providing 
accurate results. 
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Double-T section 

 
Figure 5.5 - Envelope of maximum acceleration at 
midpoint of the central span according to the speed 

 
Figure 5.6- Envelope of maximum displacement at 
midpoint of the central span according to the speed 

The dynamic analyses performed for the double-T section 
show that the maximum acceleration and displacement do 
not occur for the same velocity in the different models 
considered. In the model allowing warping and distortion, 
the one with the lowest natural frequency, the peak of 
acceleration occurs for a lower velocity, whereas in the 
frame model, the stiffest and therefore with the highest 
natural frequency, the peak occurs for a higher velocity. 
The velocity producing a peak acceleration in the shell 
model with the distortion constrained lies between the 
first two. Therefore, it can be concluded that the stiffer the 
section is, the higher the velocity needs to be to generate a 
peak of acceleration and displacement. In regard to the 
local effects, constraining the distortion of the cross 
section impacts on the structural behaviour, shifting up 
the speed to which the maximum acceleration occurs, but 
not reducing its magnitude. However, it becomes effective 
in terms of controlling displacement as deflections appear 
to be gradually lower as the distortion is impeded. 

6. Conclusion 
The present paper presents a study on the dynamical 
response of railway bridges due to eccentric high-speed 
trains, with the main objective to analyse the influence of 
the local effect of distortion on the behaviour of the deck 
and on its maximum displacement and acceleration. 
The results presented in this work, behind the analytical 
study, were provided  by of finite elements models which 
allowed to analyse and comprehend the behaviour of the 
cross section along the longitudinal span of the bridge, 
identifying the contribution of the warping and distortion 
in the behaviour of the cross section. 
A box girder and a double-T cross section were analysed 
in detail to understand the importance of the distortion 
effect in the dynamical behaviour. By means of a Finite 
Element software SAP2000, shell models allowing and 
restraining the distortional displacement were developed, 
as well as a frame model. Firstly, with a static analysis of 
an eccentric load, it was put in evidence the effect of 
having an open section with low torsional stiffness, by 
showing how these sections deform. In this analysis, it 
was also observed the influence of the distortion since, 
considering the shell model restraining the distortion, 
there is an important difference compared to the 
displacement obtained through the model which allows 
the cross section to deform freely. These differences are 
more visible when the box cross section is analysed. After 
that, a dynamical analysis of the effects induced by a 
single moving load showed, through an example,  that the 
shell model allowing warping and distortion gives a major 
value of vertical displacement. This was expected since 
this model has a higher flexibility than the others, but the 
maximum value of acceleration is obtained whit the shell 
model which constrains the distortion. 
Finally, a multi-span bridge subject to a high-speed train 
applied by different velocities was studied. It was 
analysed the box cross section and the double-T section 
considering three different heights to these cross sections 
which leads to different stiffness of the sections and, 
consequently, different natural frequencies and dynamical 
responses. The results prove the importance of the 
distortion effect, since the peak value of vertical 
acceleration and vertical displacement change, and when 
this effect is considered the vertical acceleration also 
increase. Hence, it can be concluded that the frame model 
is a simple way to achieve results with good 
approximation, since the results obtained are in 
accordance with the shell models. 
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